Abstract. This chapter develops tools for a more penetrating study of algebraic number theory than was possible in Chapter V and concludes by formulating two of the main three theorems of Chapter V in the modern setting of "adeles" and "ideles" commonly used in the subject.
p-adic Numbers
This chapter will sharpen some of the number-theoretic techniques used in Chapter V, finally arriving at the setting of "adeles" and "ideles" in which many of the more recent results in number theory have tidy formulations. Although Chapter V dealt only with number fields, the present chapter will allow a greater degree of generality that includes results in the algebraic geometry of curves. This greater degree of generality will not require much extra effort, and it will allow us to use each of the subjects of number theory and algebraic geometry to motivate the other.
The first section of Chapter V returned to the idea that one can get some information about the integer solutions of a Diophantine equation by considering the equation as a system of congruences modulo each prime number. However, we lose information by considering only primes for the modulus, and this fact lies behind the failure of Chapter V to give a complete proof of the Dedekind Discriminant Theorem (Theorem 5.5). The proof that we did give was of a related result, Kummer's criterion (Theorem 5.6), which concerns a field Q(ξ ), where ξ is a root of an irreducible monic polynomial F(X) in Z[X]. The statement of Theorem 5.6 involves the reduction of F(X) modulo certain prime numbers p and no other congruences.
The Chinese Remainder Theorem tells us that a congruence modulo any integer can be solved by means of congruences modulo prime powers, and the formulation of Theorem 5.6 uses only congruences modulo primes raised to the first power. Let us strip away the complicated setting from such congruences and see some examples of how the use of prime powers can make a difference.
EXAMPLES.
(1) Consider the problem of finding a square root of 5 modulo powers of 2. For the first power, we have
i.e., x 2 − 5 is the square of a linear factor modulo 2. For the second power, the computation is
and x 2 − 5 is the product of two distinct linear factors modulo 4. For the third power, x 2 − 5 is irreducible modulo 8 because the only odd squares modulo 8 are ±1. Thus the polynomial x 2 −5 exhibits a third kind of behavior when considered modulo 8. For higher powers of 2, the irreducibility persists because a nontrivial factorization modulo 2 k with k > 3 would imply a nontrivial factorization modulo 8.
